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Hilbert complex and cohomology

Hilbert complex:

dl dm71

d° 1

0 wo

o W¥: Hilbert space.
o d*WF c Wk+1 is a closed subspace, and d* o d**1 = 0.
e Cohomology:
ker(d¥ : Wk — Wk+1)
im(dk—1: Wh=1 — Wk)’
o Exactness: if ker(d® : WF — Wk+l) = im(dF—1 : WF=1 — Wk).
de Rham complex in R3:

HF =

0—— HY(Q) 2% H(cwl, Q) =% H(div, Q) 2> L2(Q) — >0

Betti numbers:
Br. = dim H%(Q),
which characterize the topology of Q.
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Finite element de Rham complex

Betti numbers for some domains in R?:

By: connected components A, tunnels ;- cavities

|@  solid ball @ Twodisjoint solid balls | | €  Solid torus

QIS

|
Bo=1, Bi=0, f=0 || Bo=2, Bi=0, B,=0 || fo=1, Bi=1, p,=0

‘0 Genus-2 handlebody 9 Spherical shell O Region with two cavities

ea@ E)

| |
i Bo=1, B1=2, =0 || fo=1, p1=0, Bp=1 || Bo=1, p1=0, p=2

Discrete de Rham complex:

0— L1 Z5 NG 2L RT, S P >0

Cohomology preservation:
k ~ sk
Har,n(Q2) = Har(), Br,h = Br-
Refs: [Arnold & Falk & Winther, 2006], [Christiansen & Winther, 2008], [Licht, 2017].
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Commuting interpolation

Commuting interpolation

0 wo Lyt LA gy 0
ﬂoi wll ‘/ ﬂ"l
O W}? dO W}% dl v dnfl W}’;L O

Property of 7*
o Bounded: ||7*u g gry < Cllull gy or |7%ull2 < Cllull 2.
o Commuting: 7%+ o d* = d* o 7*.

e Projection: 7*

up = up, for any uy, € W,ff
e Local: For each element T, 7%u|r depend solely on a patch of T
Exsting interploation
e Non-local: [Schéberl, 2005], [Arnold & Falk & Winther, 2006],
[Christiansen & Winther, 2008], etc.

e Local: [Falk & Winther, 2014, 2015], [Arnold & Guzmadn, 2021], [Em &
Guzmén & Potu & Vohralik, 2025]
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Other complexes

BGG complexes ([Arnold & Hu, 2021])

@ Hessian complex

hess curl

0 — > H?(Q) s H(curl, 2;S) -2 H(div, % T) —Vs L2(Q;R3) — > 0
@ divdiv complex

dev grad sym curl div div

0 —— H'(Q;R®) ——— H(sym curl, Q; T) —— H(div div, ;S) L%(Q) 0

@ elasticity complex

sym grad inc iv
00— HY(R?) 228 Hine, 0;S) — 2> H(div, Q;S) —V> L2(Q;R?) — >0

@ conformal deformation complex, conformal Hessian complex
Extra smoothness

@ Stokes complex
grad

curl div

H'(curl, ;R?) —— H'(Q;R?)

0 H?(Q)

L%(Q) 0

interpolation



Finite element complexes

Finite element discretizations

Hessian complex: [Hu & Liang, 2021], etc.

divdiv complex: [Chen & Huang, 2022divdiv], [Hu & Liang & Ma, 2022],
[Hu & Liang & Ma & Zhang, 2024], etc.

elasticity complex: [Christiansen & Hu & Hu, 2018], [Chen & Huang,
2022elasticity], [Christiansen & Gopalakrishnan & Guzman & Hu, 2024],
[Guzmén & Huang, 2026], etc.

Stokes complex: [Falk & Neilan, 2013], [Neilan, 2015], [Fu & Guzmén &
Neilan, 2020], [Hu & Zhang & Zhang, 2022], [Guzmén & Lischke &
Neilan, 2022], etc.

conformal deformation complex: [Hu & Lin & Shi, 2023], [Huang, 2025]
conformal Hessian complex: [Guo & Hu & Lin, 2025], [Huang, 2025]

Exactness: These finite element complexes are exact on topologically trivial
domains.
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Finite element complexes

Finite element discretizations
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nontrivial topology?
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Finite element complexes

Finite element discretizations

Hessian complex: [Hu & Liang, 2021], etc.

divdiv complex: [Chen & Huang, 2022divdiv], [Hu & Liang & Ma, 2022],
[Hu & Liang & Ma & Zhang, 2024], etc.

elasticity complex: [Christiansen & Hu & Hu, 2018], [Chen & Huang,
2022elasticity], [Christiansen & Gopalakrishnan & Guzman & Hu, 2024],
[Guzmén & Huang, 2026], etc.

Stokes complex: [Falk & Neilan, 2013], [Neilan, 2015], [Fu & Guzmén &
Neilan, 2020], [Hu & Zhang & Zhang, 2022], [Guzmén & Lischke &
Neilan, 2022], etc.

conformal deformation complex: [Hu & Lin & Shi, 2023], [Huang, 2025]
conformal Hessian complex: [Guo & Hu & Lin, 2025], [Huang, 2025]

Exactness: These finite element complexes are exact on topologically trivial
domains.

Question I: What is the finite element cohomology on domains with
nontrivial topology?

Question II: How to construct local bounded commuting projections for
nonstandard finite element complexes?
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Key ingredient I: Generalized de Rham map

For each smooth BGG complex:
dO dl dn71
0 ——=C>®°(;X0) == C>®° (X)) == ... == C®° (4 X") ——=0
Key ingredient I: Generalized de Rham map (generalized currents)

0 — > (2 X0) —L o ooy X1y — L L oo (XY > 0

rol Tll 5 l 5 Tni

0— = ZRA,—2 =~ Za A, o ZQA, ——>0

Properties of T;:
(1) Surjectivity: Y, : C®(Q; X)) — Z ® AL
(2) Commuting property: 6o Y; = T,y od".
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Key ingredient II: Geometric decomposition

Key ingredient II: Geometric decomposition of finite element

complex

Finite element complex

0 A0 g &

is a direct sum of the Skeletal complex

0 SO (7-) d° Sl (7-) L o

and the Bubble complex

d° dt

0 ——=B(1) —=B(r) ——=---

with all 7 € A(T).

and bounded interpolation July 23, 2026
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Cohomology of finite element complex

Cohomology of subcomplex
o Skeletal complex

0— > 50T) —L o sy (7) —L s T () 0

Toi Tll J{ Tgl
0—=ZRA, s ZaA 2.l o Z2gAN — >0
Ty
here S*(T) 2 Z® A}, 0<k <n.

e Bubble complex

dO dl dnfl

0 ——B9(7) Bl(7) B"™(7) 0

is local and exact.
Conclusion I: The cohomology of the finite element complex

0 Uy S ey 0

is isomorphic to Z @ Hyr(Q2).
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Commuting interpolations for finite element complex

Conclusion II: Construction of local bounded commuting projections
7k L2 XF) — AP

w(w) =rh(w) + Y wh (),

TEA(T)
here
dim Z .
Tk (w) = Z Z (W, =5 ) gpart () EE (2 @ 7) € SH(T),
TEAL i=1
and
Nﬂ',k
W%,T(w) = Z(wvd*ﬂlr,kJrl)Smr("') EX( k)t
i=1
N’r'k71 . .
Z (wv Q:—,k)star(T) Eﬁ(d(vbz',k—l) € Bk(T)'
i=1

with some = € Hy/ (star' (7)) @ X4 and QL , € C§Y (star(1)) @ X

Ref:[Arnold & Guzmén, 2021}, [Ern & Guzmén & Potu & Vohralik, 2025].
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3D Hessian complex

Consider the following finite element 3D Hessian complex ([Hu & Liang, 2021])

0 Uh hess Zh curl Vh div Qh 0

For k > 9, here

Up ={u € H*(Q) : ulr € Py(T),uis C* at each vertex x € Ay,
C? on each edge e € A}

Yy = {o € H(curl,;S) : o|r € Py_o(T;S), o is C* at each vertex x € Ay,

C° on each edge e € A}
Vi = {v € H(div,Q;T) : v|g € Py_3(T;T),o is C* at each vertex x € Ay}
Qn={q € L*(GR?) : q|7 € Pr_4(T;R?),0 is C° at each vertex x € Ay}




Another degrees of freedom

Ln ELN =p ELN v vy Qy
Skeletal Yo (u) To(o) Tf}?u) T (q)
Vertex D%u(x), 2 < Jol <4 Dfo(x), 18] < 2 v(@), Vo(z) q(x)
Edge(1) <a;, e T ot, b2)e
Edge(2) (2, 2T, (nT ot b3%)e
2 Dbt
Edge(3) (m at e (niani,bé‘**)e
Face(1) (Viu, V¥ )f (o, 0% (Ef(vn) b g
Face(2) <vf<é9 ) vf Py (o, b0y (nTom, b3™) 4
Tetrahedron (V2u, Vi) (o, bp ) ip (v, b N7 (q, b))

Generalized de Rham maps: let {1;}1<;,<4 be a basis of
RT ={a+bx:acR>3beR}

Yo :Up = RY [Yo(u)i = (¢ - Vu) () — 3(divep; - u) (),
T.:Z) = RY [YTo(o)] = /(a't) i,

Ts: Vi, —RY [Tf(‘r)]i/f('rn)-wi,




Separation of DOFs
@ For each u € Uy, hessu € ¥, and

“Skeletal” DOFs of u vanish = “Skeletal” DOFs of hessu vanish

For each vertex x € Ag
“Vertex” DOFs of u at = vanish = “Vertex” DOFs of hessu at x vanish
@ For each edge e € Ay

“Edge” DOFs of u on e vanish = “Edge” DOFs of hessw on e vanish

For each face f € As

“Face” DOFs of u on f vanish = “Face” DOF's of hessu on f vanish

For each face T' € As

“Tetrahedron” DOF's of v on T vanish = “Tetrahedron” DOF's of hessu

on T vanish

This also holds for each o € ¥, and v € V},.




Geometric decomposition of complex

Geometric decomposition of finite elements

Up :=US @ (Dren,U%) @ (Been,US) @ (©fen,UT) & (Bren,UT)
Sh = 2% @ (BaengD”) ® (Beea, Z9) @ (Dren, ) @ (Brea,7)
Vi =V @ (@renyV®) @ (Beea, VE) ® (©ren, V) @ (@rea, VT
Qn = Q% B (Bren,@”) ® (Beca, Q%) & (Bfecn. Q) & (Bren, Q)

Geometric decomposition of 3D Hessian complex: The 3D Hessian
complex

0 U, hess o curl Vi div O 0
is a direct sum of the Skeletal complex

0 s _hess_ g _ewd g div 0s 0
and Bubble complexes

0 pr _hess sr _cwrl o div o 0

with each 7 € A(Tp).




Cohomology of 3D Hessian comple

e For each 7 € A(T},), the Bubble complex

0 Ur hess »r curl VT div QT 0
is local and exact.
@ The Skeletal complex
0 US hess ES curl VS div QS 0

is isomorphic to the simplicial cochain complex
0—>R4®A6—6>R4®A3 —6>R4®A§—5>R4®Ag—>0

the isomorphism is deduced by {Y,}.

e Conclusion: The cohomology of the 3D finite element Hessian complex
is isomorphic to R* @ Har(9).




3D Stokes complex

Consider the following 3D with mixed boundary conditions

0 —— H3(Q) 2% H}(Q; curl) —2 (HL ()P~ 12(0) —=0 (1)

with

HE(9) == {6 € HHQ) - D*6lp, =0, Vo] <k — 1},
HE (S curl) := {v € HpH(Q)? : curlv € HH(Q)?},

Cohomology:

The cohomology of (1) is isomorphic to Hqr, p(£2)




Finite element Stokes complex on Alfeld splits

The finite element Stokes complex on Alfeld splits ([Fu & Guzmén & Neilan
2020])

0— MY, (T7) &5 ML (T77) 2 M2, (T7) L V3, (T7) —

For r > 5, here

MY (T;7) ={u€ Hp(Q) : ulx € P.(Ka), K €Ty, uis

C? at each vertex x € Ag}

Mj7r_1(’f,f) ={ve Hy(Qcurl): v|g € P 1(K4;R?), K €T, vis

C! at each vertex x € Ag}

M 5(Ti7) = {v € (Hp(2))* : |k € Pra(Ka;R%), K € Tr}

Vd?:r73(77zz) ={q€ L*(Q): q|lx € Pr—3(Ka), K € Th}.
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Cohomology of 3D Hessian complex

Theorem 1 (Brubeck & Liang & Parker, 2026)

The cohomology of the finite element Stokes complex on Alfeld splits ([Fu,

Guzmdn, Neilan, 2020]) with mized boundary conditions is isomorphic to
Har,p(92).
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Conclusion and Extension

Conclusion: We provide a unified framework to investigate the cohomology
and bounded interpolation of nonstandard finite element complexes, e.g.
Stokes, Hessian, elasticity, divdiv.

Possible extension:
e Boundary treatment. ([Brubeck & Liang & Parker, 2026])
@ p-version, spline function, distributional function.

@ Other BGG complexes whose cohomology is not isomorphic to
Z @ Har(Q), e.g., the curl-div and grad-curl complex.
e Other meshes.

Reference:

e J. Hu, Y. Liang, and T. Lin, Finite Element Complexes with Traces
Structures: A unified framework for cohomology and bounded
interpolation.[arXiv:2509.23788]

Thanks!
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