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Cohomolgy of finite element de Rham complex

o de Rham complex

00— A%Q) o A Q) —Ls T A () 0

r(d: k k+1
de Rham cohomology Hk () := ii((j/j\\k—(?()s;;i/\k((g))))

o Finite element differential forms on simplicial meshes:

dO dl an— 1

0— AY(©) —T= AL(©) AR(Q) —>0

. E _ ker(d:AF(Q)—AFTH(Q)) .
The discrete de Rham cohomology Hp 5, (Q) = im(d:A’;jl(Q)JAﬁ(Q)) is

isomorphic to HE L (€2).
e Ref: [Arnold & Falk & Winther, 2006], [Christiansen & Winther, 2008],
[Licht, 2017], etc.
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de Rham map

Consider the case of 2 C R?, let A(7T},) be a triangulation (simplicial complex)
of Q, the set of all oriented k-simplicies of A(7y) is denoted by Ag.

0> C(Q) 2% 0o (0 R3) —Uh oo (1 R3) —Ys 0o () —> 0

Toi Tli rzl Tgl

0—=RA,—2 >RA, — 2 sRRA,—> >R®A, —>0

Tolo](z) = dlz), = € Ay, rl[qs](e):/qs-te, e
Tz[qﬁ](f):/fanf, f e A, T3[¢](T):/T¢, Te A,

There holds that

doYg=TTiograd, doYT;=Tgo0curl, doTs=7T3odiv
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From de Rham’s theorem: The de Rham cohomology spaces are

isomorphic to the simplicial cohomology spaces. Moreover, the isomorphism is
induced by {Ye}.

The Whitney forms

grad

0 ——=PLAYT,) 225 PLAYT,) 2 PLA2(T;) — PLAY(T,) — 0

Tol Tli Tzl Tsl

0 R® Ajf R® A} R® A R® Aj

Note that T; commutes with differential operators and

T;
~

PLAT) ZER®A, 0<i<3

Result: The cohomology spaces of the Whitney forms are isomorphic to the
de Rham cohomology spaces.
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Commuting interpolation

Commuting interpolation

0— L2A%(Q) — L 2221 (Q) — Lo . L p2An(Q) ——0

N

0—= AY(Q) — T AL(Q) —L s L An(Q) 0

Property of 7!
o Bounded: ||7*u| g gry < Cllullgrary or |7%ul|2 < Cllul| > for any
u € HAR(Q)(or u € L2A* ().
e Commuting: 7%t o d* = d* o 7*.
o Projection: 7*u; = uy, for any uy, € A¥(9Q).
e Local: For each element T, w'u|r depend solely on a patch of T
Exsting interploation
e Non-local: [Schéoberl, 2005], [Arnold & Falk & Winther, 2006],
[Christiansen & Winther, 2008], etc.
e Local: [Falk & Winther, 2014, 2015], [Arnold & Guzmén, 2021}, [Ermn &
Guzmén & Potu & Vohralik, 2025]
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Other complexes

BGG complexes ([Arnold & Hu, 2021])

@ Hessian complex

hess curl

0 — > H?(Q) s H(curl, 2;S) -2 H(div, % T) —Vs L2(Q;R3) — > 0
@ divdiv complex

dev grad sym curl div div

0 —— H'(Q;R®) ——— H(sym curl, Q; T) —— H(div div, ;S) L%(Q) 0

@ elasticity complex

sym grad inc iv
00— HY(R?) 228 Hine, 0;S) — 2> H(div, Q;S) —V> L2(Q;R?) — >0

@ conformal deformation complex, conformal Hessian complex
Extra smoothness

@ Stokes complex
grad

curl div

H'(curl, ;R?) —— H'(Q;R?)

0 H?(Q)

L%(Q) 0

interpolation



Finite element complexes

Finite element discretizations

Hessian complex: [Hu & Liang, 2021],etc.

divdiv complex: [Chen & Huang, 2022divdiv], [Hu & Liang & Ma, 2022],
[Hu & Liang & Ma & Zhang, 2024],etc.

elasticity complex: [Christiansen & Hu & Hu, 2018], [Chen & Huang,
2022elasticity], [Christiansen & Gopalakrishnan & Guzmén & Hu,
2024],etc.

Stokes complex: [Falk & Neilan, 2013], [Neilan, 2015], [Fu & Guzmén &
Neilan, 2020], [Hu & Zhang & Zhang, 2022], [Guzmén & Lischke &
Neilan, 2022] etc.

conformal deformation complex: [Hu & Lin & Shi, 2023], [Huang, 2025]
conformal Hessian complex: [Guo & Hu & Lin, 2025], [Huang, 2025]

Exactness: These finite element complexes are exact on a contractible
domain.
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Finite element complexes

Finite element discretizations

Hessian complex: [Hu & Liang, 2021],etc.

divdiv complex: [Chen & Huang, 2022divdiv], [Hu & Liang & Ma, 2022],
[Hu & Liang & Ma & Zhang, 2024],etc.

elasticity complex: [Christiansen & Hu & Hu, 2018], [Chen & Huang,
2022elasticity], [Christiansen & Gopalakrishnan & Guzmén & Hu,
2024],etc.

Stokes complex: [Falk & Neilan, 2013], [Neilan, 2015], [Fu & Guzmén &
Neilan, 2020], [Hu & Zhang & Zhang, 2022], [Guzmén & Lischke &
Neilan, 2022] etc.

conformal deformation complex: [Hu & Lin & Shi, 2023], [Huang, 2025]
conformal Hessian complex: [Guo & Hu & Lin, 2025], [Huang, 2025]

Exactness: These finite element complexes are exact on a contractible
domain.

Question I: What about the finite element cohomology on a non-contractible
domain?

Question II: How can one construct local bounded commuting projections
for nonstandard finite element complexes?
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Key ingredient I: Generalized de Rham map

For each smooth BGG complex (e.g., Hessian, divdiv, elasticity, conformal),
assume its cohomology is isomorphic to Z ® Har(Q2)

0 — > (2 X0) — Lo ooy X1y — L L oo (XY > 0
Key ingredient I: Generalized de Rham map (generalized currents)

0 —— C°°(;X9) L C>(Q;X1) i C® (X)) ——0

Tol Tll 5 l 5 Tni

ZoA,—2 > Z@ A, o Zo A

0

0

Properties of T;:
(1) Surjectivity: Y, : C=(Q; X)) — Z ® AL
(2) Commuting property: §oT; = T, od'.

Yizhou Liang Structures
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3D Hessian complex

0 ——> C(Q) 2 0(Q; ) s Co° (O T) — 2> (2 R3) —— 0

Tol Tli Tzl Tg,l

0—>R@A) 2 >RIQA — 2 s RIQGA, — 2 s REQ A, —> 0

Let {1;}1<i<4 be a basis of RT* = {a + bz : a € R b € R},

[Yolul(@)]; = (Wi - Vu)(x) — 5(diveyi - u)(z), =€ Ao, 1<i<4

[Tl[«f](e)h:/(ate)wi, ceAL1<i<d

€

[Tz[ﬂ(f)]i:/f(mf»wi, feni<i<a

[rg[qMT)]i:/Tqm, Tehyl<i<a
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3D divdiv complex

sym curl

devV d1vd1v

0 —— 0 (Q; R?) 9L 0o (. T) VU oo (@, §) Y. oo () o

Tol Tli ml Tgi

0— >RIQA, — 2 S RIQA — 2 s RIQGA, — > RER A, — >0

Let {%;}1<i<a be a basis of P;(Q),

[To[ul(z)); = $(¥; - divu)(z) — (Vb - u)(z), x€Ap,1<i<A4
[Ti[7](e)]; = /%(diVTT te) i — (Tte) - Vb, e€A,1<i<4

(alo]()li = /f(divrr mp) i = (omy) Vb, f €Dy 1<i<4

[rg[qKT)]i:/Tqm, Tehyl<i<a

Yizhou Liang Structures May 5, 2026 12 / 33



3D elasticity complex

sym V dlv

0 — C®(R3) L 00 S) 2% C°(Q; ) — Vs 09(Q; R3) ——> 0

Tol Tll nl Tsl

0— >R @A, —2 >R A, —L >R @A), —2 >R ® A 0

Let {1;}1<i<¢ be a basis of RM* ={a+bx z:a,bc R},

[To[ul(z)]; = (¢ - curlu)(z) + L (curly; - w)(z), =€ Ag,1<i<6
afol(e)]: = /%(Ute) courly; + ((curlo)t) - s, e € Ay, 1<i<6
(Lalrl(fi= [(rng) s fedar<is<o

f

[Ta[q}(T)]iz/qui, TeEN;1<i<6
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Finite element complex with trace structures

Given BGG complex (e.g., Hessian, divdiv, elasticity, conformal)

0— > (X0 — L ooy xt) — Lo oo (X o 0

e Shape function space: For any sub-simplex 7 € A(7), given finite
dimensional shape function spaces A*(7),0 <k <n

e Trace structure: For each n <7 < ¢, and 0 € A,,, there exists linear
trace operators for 0 < k <n

trf Ak(a) — Ak(T)7 trk Ak(T) — A’“(n%

o—T TN "

such that
trfj_mu = 0 implies tr]j_m otr];_w u = 0.
o Localized generalized currents: The k-th generalized currents are a
part of the trace structures of k-th finite element, i.e., for any 7 € Ay,
there exists localized generalized currents T, : A¥(7) — Z such that

Y, (trg_r w) = Ti[w](r) for any w € A¥(c),0 € A,, and 7 < 0.
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e Trace complexes: For any simplex 7 € A(T), there exists a differential
operator d* : A¥(r) — AF*+1(7) such that d**! o d¥ =0,

0 1 n—1
0 —> A7) s A (r) —Tm o L An() 0.

For any 7 < ¢ with o € A,,, it holds d* = d*|, and

do ek u=tht dbu, Yue AF(0),0<k<n—1.

o—T o—T1T Yo

dk—l dk
oce A, oo —— AP 0) —=— AF(0) —= AR (g) —— . ..
s trh . tr§t
dk71 dk
T<lo — kil(T) T Ak(’r) A AkJrl(T —_ ...
k-1 k k1
tro o, trl;,;lntraﬁn trﬁan tr .ilflaan
L‘lk71 dk
ndr ooy AR () s AR () — L AL () —— .
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o Global space: Define the global space

AR = {u e L2(; X9 s ul, € AR (o), ek ul, = trF ,ul,,

for all 7 < 0,0’ and 0,0’ € A, }.

Finite element complex:

0 AL AT g 0.

o Local bubble space: Define the bubble space B*(7) C tr*_,_ A*(0)
with o € A,,, such that for any a € B¥(7):

(1) Vanishing traces: tr¥ ,, a =0 for alln <7 and n # 7.
(2) Vanishing current: T (a) = 0 if dim 7 = k.
Assume that the following sequence of bubble spaces

dO dl d’n.—l
0 —— B%(7) ——= BY(1) — = --- —— B"(7) 0

forms an exact complex for any 7 € A(T).
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DOF's and Basis function: for any w € Ak, 0<k<n
o Skeletal Component:

o DOFs: YTy [w|(7) for all T € Ay.
o Basis space S*(7): span{basis functions dual to skeletal DOFs}.

e Bubble Component:
o DOFs: (tro—r w, ) gk for all 7 € A(T) and ¢ € B*(7).
o Basis space B*(7): span{basis functions dual to bubble DOFs}.

Direct sum decomposition of the global finite element space:

A =s"T)e @ B ().

TEA(T)

Yizhou Liang Structures



Key ingredient II: Geometric decomposition

Key ingredient II: Geometric decomposition of finite element
complex

0—=A° Lo gt Lo g g

is a direct sum of the Skeletal complex

0— §%T) —L> §(T) L. L 9 (T) —0
and the Bubble complex

dO dl dn—l
0 —B1) —=B'(r) —= - =B (1) —=0

with all 7 € A(T).
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Cohomology of finite element complex

Cohomology of subcomplex
o Skeletal complex

0——>5°(T) — > 51 (T) Lo L 58 (T) 0

A

0—>ZQA) —>ZRA, —2> - 2> Z@QA, —>0

T
here S*(T) ~ z @A, 0<k<n.
e Bubble complex

0 1 n—1
0——=Br) L= Bl(r) L. 2

B"™(7) 0

is local and exact.
Conclusion I: The cohomology of the finite element complex

0 Uy S ey 0

is isomorphic to Z @ Hyr(Q2).
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Commuting interpolations for finite element complex

Conclusion II: Construction of local bounded commuting projections
7k L2 XF) — AP

w(w) =rh(w) + Y wh (),

TEA(T)
here
dim Z .
Tk (w) = Z Z (W, =5 ) gpart () EE (2 @ 7) € SH(T),
TEAL i=1
and
Nﬂ',k
W%,T(w) = Z(wvd*ﬂlr,kJrl)Smr("') EX( k)t
i=1
N’r'k71 . .
Z (wv Q:—,k)star(T) Eﬁ(d(vbz',k—l) € Bk(T)'
i=1

with some = € Hy/ (star' (7)) @ X4 and QL , € C§Y (star(1)) @ X

Ref:[Arnold & Guzmén, 2021}, [Ern & Guzmén & Potu & Vohralik, 2025].
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2D Stokes complex

Consider the following finite element 2D stokes complex ([Falk & Neilan,
2013])

0 —= Ary () <= Hmj,_1 (2) —= PY_,(T;) —= 0
with k£ > 5. Here
Ar(Q) = {u € H*(Q) : ul; € Pi(f),u is C* at each vertex z € Ag}

Hm; 1(Q) = {ve H(Q;R?) : v|; € Po_1(f,R?),v is C* at each vertex z € A)
Po_o(Th) = {p € L*(Q) : p|y € Pr—2(f),p is C° at each vertex x € Ay}

Recall the generalized currents (de Rham map)

Yo u— u(z), Te:v»—>/v~ne, Tf:p|—>/p
e f
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Another set of degrees of freedom

(@) Hmea (@) S P (T
Skeletal T, (u) T.(v) Ts(p)
Vertex  Vu(z), V2 (x) Vo(x),v(x) p(z)
Edge(1) (gt , Bt ) (v-n,b?).
Edge(z) (82717; *) (U ' t7 ba*)e
Face  (curlu,curlb})s (v, b7) ¢ (p,03)s

Here

by € (AoA1)*Pr_s(e),

bz € (AoA1)?Pi— 5( )/R,

be* € (Mohi)?Pr—s(e),

b2* € (MoA1)? Pk 5(e),

by € B} ¢ := (AoA1X2)* Pos(f),
b} € (Aodid2) Pea(fiR?),

b3 € {p € Py_o(f) : p vanishes at vertices of f}/R,
and ((u,v))y = (le curlB2,_ W, Py curipz ,_ 0)f + (diva, divo);

Fk—6 fk—6




Separation of DOF's
e For each u € Ary(Q2), curlu € Hmy_1(2) and

“Skeletal” DOFs of u vanish = “Skeletal” DOFs of curlu vanish
e For each vertex x € Ag
“Vertex” DOFs of u at x vanish = “Vertex” DOFs of curlu at x vanish
e For each edge e € Ay
“Edge” DOFs of u on e vanish = “Edge” DOFs of curlu on e vanish
e For each face f € Ag
“Face” DOFs of u on f vanish = “Face” DOFs of curlu on f vanish

This also holds for each v € Hmy,_1(2) and divv € PY_,(Tr).
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Geometric decomposition of complex

Geometric decomposition of finite elements
Ary(Q) = A% @ (Bren,A”) © (Beca, A%) © (Dfea, A7)
Hmy, 1(Q) := H® @ (Bren, H") © (Deea, HY) @ (Bren, H')
PRoo(Th) =P & (82, P7) & (Beca, P) @ (Srea, P7)

Geometric decomposition of 2D Stokes complex: The 2D Stokes
complex

00— Arg(Q) % Hmy_1(Q) 2> PO () —= 0

is a direct sum of the Skeletal complex

0 AS curl JiE div PS 0
and Bubble complexes
0 AT curl HT div PT 0

with each 7 € A(Tp).
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Cohomology of 2D Stokes complex

e For each 7 € A(T},), the Bubble complex

0 AT curl HT div pPr 0
is local and exact.
@ The Skeletal complex
0 AS curl s div PS 0

is isomorphic to the simplicial cochain complex
0—>RRA, —2>RRA, —2>RR®A,—>0

the isomorphism is deduced by {Y,}.

e Conclusion: The cohomology of the 2D finite element Stokes complex is
isomorphic to Hqr ().
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3D Hessian complex

Consider the following finite element 3D Hessian complex ([Hu & Liang, 2021])

0 Uh hess Zh curl Vh div Qh 0

For k > 9, here

Up ={u € H*(Q) : ulr € Py(T),uis C* at each vertex x € Ay,
C? on each edge e € A}

Yy = {o € H(curl,;S) : o|r € Py_o(T;S), o is C* at each vertex x € Ay,

C° on each edge e € A}
Vi = {v € H(div,Q;T) : v|g € Py_3(T;T),o is C* at each vertex x € Ay}
Qn={q € L*(GR?) : q|7 € Pr_4(T;R?),0 is C° at each vertex x € Ay}
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Another degrees of freedom

Uy, LN = ey \% Ly Q)
Skeletal Yo (u) To(o) Tf}?u) T (q)
Vertex DYu(2),2 < |a| < 4 DBo(z), 18] < 2 v(x), Vo(x) q(x)
Edge(1) (%, Bre. (tTot, b2)e
T
Edge(2) (2w, 20, (Lot b2
T 9t
Edge(3) (gnlder —6r e (nLong, bg* e
Face(1) (V%u, Vi (o, b))y (Eé‘(’un)»&b’;f()f
Face(2) (V5(Z%), o™y (o, b0y (nTon, 5%
Tetrahedron (V2u, Vi) (o, bp ) ip (v, b N7 (q, b))

Redefine the generalized currents of 3D Hessian complex: let {;}1<;<4 be a
basis of RT® = {a + bz :a € R3 b€ R}

T, :Up = R, [To(w)i = (i V(@) — g(div ey - u)(@),

T.: %, — RY [Te(a)]iz/(at)w/}i,

Ts: Vi, —RY [Tf(‘r)]i/f('rn)-wi,




Separation of DOFs
@ For each u € Uy, hessu € ¥, and

“Skeletal” DOFs of u vanish = “Skeletal” DOFs of hessu vanish

For each vertex x € Ag
“Vertex” DOFs of u at = vanish = “Vertex” DOFs of hessu at x vanish
@ For each edge e € Ay

“Edge” DOFs of u on e vanish = “Edge” DOFs of hessw on e vanish

For each face f € As

“Face” DOFs of u on f vanish = “Face” DOF's of hessu on f vanish

For each face T' € As

“Tetrahedron” DOF's of v on T vanish = “Tetrahedron” DOF's of hessu

on T vanish

This also holds for each o € ¥, and v € V},.
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Geometric decomposition of complex

Geometric decomposition of finite elements

Up :=US @ (Dren,U%) @ (Been,US) @ (©fen,UT) & (Bren,UT)
Sh = 2% @ (BaengD”) ® (Beea, Z9) @ (Dren, ) @ (Brea,7)
Vi =V @ (@renyV®) @ (Beea, VE) ® (©ren, V) @ (@rea, VT
Qn = Q% B (Bren,@”) ® (Beca, Q%) & (Bfecn. Q) & (Bren, Q)

Geometric decomposition of 3D Hessian complex: The 3D Hessian
complex

0 U, hess o curl Vi div O 0
is a direct sum of the Skeletal complex

0 s _hess_ g _ewd g div 0s 0
and Bubble complexes

0 pr _hess sr _cwrl o div o 0

with each 7 € A(Tp).




Cohomology of 3D Hessian complex

e For each 7 € A(T},), the Bubble complex

0 Ur hess »r curl VT div QT 0
is local and exact.
@ The Skeletal complex
0 US hess ES curl VS div QS 0

is isomorphic to the simplicial cochain complex
0—>R4®A6—6>R4®A3 —6>R4®A§—5>R4®Ag—>0

the isomorphism is deduced by {Y,}.

e Conclusion: The cohomology of the 3D finite element Hessian complex
is isomorphic to R* @ Har(9).
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Conclusion and Extension

Conclusion: We provide a unified framework to investigate the cohomology
and bounded interpolation of nonstandard finite element complexes, e.g.
Stokes, Hessian, elasticity, divdiv.

Possible extension:
e Boundary treatment. ([Brubeck & Liang & Parker, in preparation])
@ p-version, spline function, distributional function.

@ Other BGG complexes whose cohomology is not isomorphic to
Z @ Har(Q), e.g., the curl-div and grad-curl complex.
e Other meshes.

Reference:

e J. Hu, Y. Liang, and T. Lin, Finite Element Complexes with Traces
Structures: A unified framework for cohomology and bounded
interpolation.[arXiv:2509.23788]

Thanks!
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